In this paper, we study the thermodynamic features of a rotating black hole surrounded by perfect fluid dark matter. We analyze the critical behavior of the black hole by considering the known relationship between pressure and cosmological constant. We show that the black hole admits a first order phase transition and, both rotation and perfect fluid dark matter parameters have a significant impact on the critical quantities. We also introduce a new ad hoc pressure related to the perfect fluid dark matter and find a first order van der Waals like phase transition. In addition, using the sixth order WKB method, we investigate the massless scalar quasinormal modes (QNMs) for the static spherically symmetric black hole surrounded by dark matter. Using the finite difference scheme, the dynamical evolution of the QNMs is also discussed for different values of angular momentum and overtone parameters.
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I. INTRODUCTION
Black hole thermodynamics continues to be a promising topic of gravitational physics as it is one of the possible routes towards quantum gravity. The idea of relating black holes and ordinary thermodynamics was notably founded by Bekenstein and Hawking and subsequently carried on by other researchers. More recently the idea of thermodynamics of anti-de Sitter (AdS) black holes has got unusual attention by the discovery of gauge-gravity (AdS/CFT) correspondence [1] . Hawking and Page found the existence of a phase transition between the stable Schwarzschild black hole and the pure radiation or gas [2] . Later it was found that there exists a small-large black hole phase transition for charged or rotating AdS black holes [3, 4] . This phase transition is also identified with the liquid-gas phase transition of the van der Waals fluid [5] . We can work in the extended phase space thermodynamics and use the key identification between the cosmological constant and the pressure by P ∼ Λ, and its conjugate variable as the thermodynamic volume [6, 7] .
In literature, the critical phenomenon and the phase transition of several AdS black holes in various gravitational setups have already been explored. The first order phase transition for five dimensional charged AdS black holes was investigated in [8] . Similar critical behavior was also observed for the AdS black hole in massive gravity [9] . However, a more general treatment of phase transitions for extremal black holes was proposed in [10] without considering any specific black hole. Wei and Liu proposed an interesting connection between the impact parameter of the photon orbits and the thermodynamic phase transitions of charged AdS black holes [11] . They suggested that the changes of the photon sphere radius and the minimum impact parameter can serve as order parameters for a small-large black hole phase transition.
It is suggested that about 27 % of our universe is made from the invisible dark matter. One of the main evidence for this idea is the galaxy's flat rotation curve [12] . The dependence of rotation velocity on the distance from the center of spiral galaxies has an asymptotically flat character in contrast to the expectations from Newton's law, while the strong dominated gravitational field due to the presence of dark matter in far distances can explain this observation. For an explanation of this dark halo contribution, Kiselev presented a new class of solutions of the Einstein equation, by applying the perfect fluid relations, and introduced a new logarithmic term which explains the observed asymptotic behavior at large distances [13] . Li & Yang proposed a model of black hole immersed in dark matter halo in the presence of dark energy modeled as inhomogeneous phantom field [14] . They extended the Kiselev solution to the exact static spherically solution consistent with the Schwarzschild-AdS and Reissner-Nordström metrics. Later Xu et al generalized these solutions to the Kerr dS/AdS black holes surrounded by the perfect fluid dark matter using the Janis-Newman algorithm [15] . In literature, astrophysical aspects of this black hole have already been studied such as shadow images and the geodetic precession frequency [16, 17] .
In this paper, we are interested to investigate how the presence of perfect fluid dark matter affect the thermodynamical/dynamical aspects of black holes. We examine dynamical stability with quasi-normal modes (QNMs) along with thermal stability and possible phase transition.
Regarding different black hole solutions of gravitating systems, the examination of instability conditions is a strong tool to veto some models. In order to obtain the stability criteria and investigate the stability of a black hole, one should examine its response to dynamic and thermodynamic perturbations. On the one hand, the behavior of the heat capacity is one of the powerful tools to analyze thermal stability. It is shown that in the canonical ensemble (fixed charged) the positivity of heat capacity can guarantee (local) thermal stability. On the other hand, the QNMs [18] can reflect the behavior of black holes under dynamic perturbations [19] [20] [21] [22] . After the detection of the gravitational radiation of compact binary mergers by LIGO and VIRGO observatories [23] [24] [25] , investigation of QNMs attracted much attention. This is due to the fact that the spectrum of gravitational QNMs perturbations can be traced by gravitational wave detectors [26] . In this paper, we restrict ourselves to the case of scalar perturbation.
The plan of the paper is as follows: In section II, we discuss the thermodynamical properties of the black hole under consideration. The phase transitions analysis is performed in section III. We then investigate QNMs for the static black hole in section IV, and finally, conclude in section V.
II. ROTATING PERFECT FLUID DARK MATTER BLACK HOLE AND ITS THERMODYNAMICS
We consider a black hole with rotation immersed in a perfect fluid background [16] 
The logarithmic term in the metric is responsible for presence of dark matter and the intensity of the PFDM is presented by the parameter α. We see that this solution reduces to the Kerr-AdS metric as we set α = 0. The mass of the black hole is determined by the condition ∆ r (r + ) = 0, so
Regarding asymptotically dS solutions (left panel of Fig. 1 ), the event horizon r + , inner horizon r − and cosmological horizon r c of black hole satisfy ∆ r (r + ) = ∆ r (r − ) = ∆ r (r c ) = 0, so we can use the position of horizons to replace the parameters M , a and Λ. In addition, the behavior of asymptotically AdS solutions is shown in the right panel of Fig.  1 . Briefly, the relation between ∆ r and r with different α is shown in Fig. 1 .
The area of event horizon of the black hole is given by
Therefore the Bekenstein-Hawking entropy relation becomes
and Hawking temperature associated with the surface gravity of the event horizon r + is determined as: 
III. PHASE TRANSITIONS
In this section, we are going to examine possible phase transition. Following the traditional P V criticality in the extended phase space, we can regard the cosmological constant as a dynamical pressure, Λ = −8πP . Considering Eq. (5), it is straightforward to obtain the following equation of state
Here, we can identify the specific volume v as v = 2r + in the geometric units. Therefore, as it is usual, we use the event horizon radius instead of the specific volume in order to analyze the criticality. Due to the fact that the critical point in the isothermal P − r + is an inflection point, we can find the critical quantities with the following equations
Since the analytical calculation of the critical quantities is not a trivial task, we use the numerical analysis. Using Eq. (7), the critical point can be found numerically. Regarding the functional form of the pressure, one finds that its denominator can be vanished for some values of the event horizon radius (we called largest ones as r +d ). Investigating such divergencies with more details, we find that the pressure is negative for r + < r +d , and therefore, we study the positive pressure region, r + > r +d . Looking at Fig. 2 , we find the van der Waals like behavior for the solution, and therefore, a first order phase transition has been occurred for T < T c . The critical values for the mentioned black hole solutions are addressed in table I. In this table, we focus on the effects of a and α. It is observed that increasing the rotation parameter (decreasing α) leads to increasing the critical horizon radius and decreasing the critical temperature and pressure. In other words, the effect of a and α on the critical quantities is opposed to each other. It means that the criticality is easier to see for highly rotating black holes with vanishing α. To get more information about the phase transition, we study thermodynamic quantities such as heat capacity and Gibbs free energy. Using the standard definition, they are as follows 
In Fig. 3 , we can find heat capacity behavior versus critical radius r + for definite parameters. As we expect from the first order phase transition, there are two divergencies for pressures less than the critical pressure, which are seen by red and blue colors. Negative heat capacity in this region indicates unstable black hole, which is equivalent to the oscillations of the isotherms under critical temperature in the P − r + diagram (Fig. 2) . These divergencies are characteristics of the first order phase transition between small and large black holes which are stable with positive heat capacity. By changing the parameter α, a shift in the horizontal axis occurs, which as mentioned before, increasing this parameter results to decreasing of critical radius.
Gibbs free energy versus temperature is plotted in Fig. 4 . The swallow-tail behavior for pressures less than critical pressure, indicates a first order transition. Besides, we see by increasing parameter α, critical temperature increases and phase transition occurs as before.
Here, we are looking for the possible phase transition with vanishing or constant Λ. To do so, we can define the following ad hoc relation for the pressure As one confirms, this pressure is related to the event horizon radius which is the same as the pressure of black holes in dilaton gravity. Inserting Eq. (10) into the relation of temperature, one finds
Having the equation of state at hand, we are in a position to obtain the critical quantities via Eq. (7), as
where Γ = Λa 2 − 3 and Θ = √ Λ 2 a 4 − 26Λa 2 + 105. Now, we are going to investigate the possible phase transition based on P − r + diagrams (see Fig. 5 ). According to this figure, we observe a van der Waals like behavior which hints us for a first order phase transition. According to table II, one can find the effects of rotation parameter and cosmological constant. It is seen that unlike the rotation parameter, the cosmological constant does not have a considerable effect on the critical quantities. However, as we mentioned before, increasing the rotation parameter leads to obtaining the criticality easier. It is interesting to see the characteristic behaviors of the first order phase transition by the ad hoc definition for pressure (Eq. (10)). Two divergencies for the heat capacity are shown for different regions and parameters in Figs. 6 and 7. The physical black holes with positive heat capacity and temperature are seen just before the first divergency and after the second one.
The swallow-tail like form of the Gibbs free energy for these two figures is shown in Fig. 8 , which assures existence of the first order phase transition by defining pressure as Eq. (10).
IV. QUASINORMAL MODES OF A STATIC PFDM BLACK HOLE
Let us consider the perturbation around the black hole background. The black hole perturbations or quasinormal modes are a vital source of gravitational waves generated as a result of a supernova collapse. Numerous simulations of gravitational collapse of a rotating massive star and merger of binary compact star system result in the emission of gravitational waves which are directly linked with quasinormal mode oscillations [20] . The process of field oscillations in the curved background includes three phases: initial perturbation, quasinormal mode oscillations and the ensuing tails. The properties of oscillations just depend on the second and third phases, so the study of QNM oscillations and tails can help to understand the nature of black holes [26] . In the QNM oscillation phase, the function of field equation could be written as Ψ ∼ e −iωt R(r)Y (θ, ϕ) where ω is the eigenvalue whose real and imaginary parts represent frequency and decay rate of QNM perturbations respectively, so that the imaginary part should be negative for stable black hole spacetime. With the help of spherical harmonics, one can write ∆Y (θ, ϕ) = −L(L + 1)Y (θ, ϕ), where L denotes multipole quantum number. Since different black hole spacetimes in different gravitational theories produce different QNMs frequency, so investigating the details of QNMs is important and helpful to discriminate different modified gravities or test the instability of black hole solution. In the ensuing computations, we shall ignore cosmological constant and the rotation for simplicity reasons.
To study quasinormal modes, we focus on the following static metric [14] ds 2 = −f (r)dt 2 + dr 2 f (r) + r 2 (dθ 2 + sin 2 θdφ 2 ),
where
For computational and analytical simplicity, we employ the following relation for the mass of black hole using Eq. (18) : 2m = r h + α ln r h |α| , which allows rewriting the above equation as
and entails f (r h ) = 0, where r h = r + denotes the size of horizon radius, and x = r/r h , α = −b r h . Interestingly, r h is event horizon as b < 1, while it becomes inner horizon as b > 1, see left panel of Fig. 9 . As b = 0, the black hole becomes the Schwarzschild black hole, and the temperature of black hole vanishes as b = 1. As b > 0, the position x b = e 1−1/b which satisfies f ′ (x b ) = 0 is less than the event horizon, but as b < 0, x b is larger than the event horizon so that a maximum value exists outside the event horizon, see right panel of Fig. 9 . We find the form of f (r) with a maximum point which is similar to non-Schwarzschild solution in quadratic and higher derivative gravity [27] [28] [29] .
We consider a massless scalar perturbation in the background of the black hole spacetime. The equation of motion of a minimally coupled scalar field is given by:
We express the scalar field in the form of separation of variables i.e. Φ(x µ ) = ΨL(r)
Since we are dealing with spherically symmetric spacetimes the solution will be independent of m, thus this subscript can be omitted. Introducing the tortoise coordinate r * = dr f (r) , having range between (−∞, +∞), it is possible to write the radial part of the wave equation (also known as Regge-Wheeler form) as follows:
There are numerous numerical approaches for determining the solution, known as quasinormal modes with complex frequencies, of the above wave equation, see [22] . However, we use the 6th order WKB approximation method to calculate the quasinormal modes. The WKB method was originally pioneered by Schutz, Iyer and Will at third order [30, 31] while later was extended to sixth order in [32] . This approach is useful to obtain the QNMs for a full range of parameters and has the best accuracy for L ≥ n. From the Figs. 10, we have plotted the real and imaginary components of oscillation frequency against parameter b and shown that QNMs perturbation will increase but the damping of QNMs is faster as b reduces. Further, ω I < 0 depicting that black hole configuration is stable after perturbation. In order to study the dynamical properties of QNMs perturbation, we show the details of black hole oscillations by using finite difference method following [33] . Firstly, we rewrite Eq.(21) as
After the transformation u = t − r * and v = t + r * , above equation becomes
Therefore, we can use finite difference method to solve above equation and show the process of black hole oscillations in Fig. 11 . The oscillations are damped for fixed L and three values of b. In each figure, it is observed that b = −1 case has the fastest damping ending up in a tail, followed by b = 0 which has a rather slow damping speed with an observed tail while b = 1 has the slowed decaying rate. FIG. 11: Dynamical evolution of a scalar field perturbation to the black hole.
V. CONCLUSION
In this paper, we considered the Kerr-AdS black hole surrounded by the perfect fluid dark matter (PFDM). We have done a detailed analysis of the effect of PFDM on the thermodynamical behavior of this kind of black holes. By giving dynamics to the cosmological constant and it's association with pressure i.e. P = −Λ 8π , we worked in the extended phase space to study the phase behavior. We found the van der Waals like behavior for the solution and by a numerical method, we observed that increasing the rotation parameter (decreasing α) leads to increasing the critical horizon radius and decreasing the critical temperature and pressure. Two divergencies in the C P − r + plots and the swallow-tail shape in the G − T plots for pressures less than the critical pressure indicate that these black holes enjoy the first order phase transition.
On the other hand, by dimensional analysis, we proposed another relation for the pressure P = |α| r 3 + . In this case, pressure is related to the PFDM parameter and the horizon radius. Analytic relations for the critical quantities are found and the results show that unlike the rotation parameter, the cosmological constant does not have a considerable effect on the critical quantities. However, as before, increasing the rotation parameter leads to obtaining the criticality easier. Interestingly, we observe that this ad hoc definition for the pressure also results in the first order phase transition for the introduced black hole solutions.
In the last part, we studied the QNMs for the static metric in the presence of the PFDM. Using the sixth order WKB method, we investigated the massless scalar quasinormal modes (QNMs) for the static spherically symmetric black hole surrounded by dark matter. Using the finite difference scheme, the dynamical evolution of the QNMs are also discussed for different values of angular momentum and overtone parameters. The QNM oscillations are damped in all cases of considered L and b, however for b = −1, 0, the damping is faster as compared to b = 1. Here we ignored the effects of cosmological constant and spin while studying the QNMs, however one may employ the method of Horowitz-Hubeny [34] to analyze QNM frequencies for static black holes with AdS boundary. This is left as future work.
Since the spectrum of gravitational QNMs perturbations can be traced by gravitational wave detectors, it will be interesting to study the response of the solutions under tensor perturbation. This work may be addressed in independent work.
